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Simultaneous layout and topology optimization of stiffened panels is investigated in this 

paper using a new level-set-based method. Specifically, plate elements are used to construct a 

stiffened panel structure. The level set method is then used to manipulate the stiffener layout, 

with curved members allowed. A free-form mesh deformation method with a control mesh is 

utilized to adjust the finite element mesh. The level set method is also used to optimize the 

internal topologies of the stiffeners. Both mass minimization with buckling constraint and 

critical buckling load factor maximization with mass constraint are investigated. A semi-

analytical sensitivity analysis is performed, and the optimization algorithm is outlined. For 

the buckling-constrained problem, the p-norm function is used to aggregate multiple buckling 

modes and a gradient-based optimizer is used with an adaptive scaling method to enforce exact 

control of the buckling limit. Numerical investigations demonstrate and validate the proposed 

method.  

Nomenclature 

Amin = lower bound of element distortion constraints 

Ar = rth element distortion constraint 

E = Young’s modulus 

f = applied load 
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g = general function 

K = elemental stiffness matrix 

K = structural stiffness matrix 

Kg = elemental geometric stiffness matrix 

Kg = structural geometric stiffness matrix 

Ll = lth stiffener spacing constraint 

Lmin = lower bound of stiffener spacing constraints 

Lpf-1, Lpf = lengths of the elemental boundaries with the node pf 

m = structural mass 

mmax = upper bound of the structural mass 

MP = p-norm function 

N = number of stiffeners 

N = shape function 

NL = number of stiffener spacing constraints 

NA = number of element distortion constraints 

Nλ = number of buckling modes considered in the optimization 

p = aggregation parameter 

P = pressure value per unit length 

Ppf = force applied on the node pf 

rx, ry, rz = rotations 

t = thickness 

tf = fictitious time 

u = stationary deflection 

uad = adjoint vector 

v = volume fraction 

v = eigenvector 

V = velocity vector 

Vn = normal velocity 
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w = physical density 

w = physical density distribution 

u, v, w =  translational displacements 

x = coordinate used in the level set mesh coordinate system 

xcontrol = nodal coordinate on the control mesh 

xFE = nodal coordinate on the FE mesh 

y = change in the coordinates of the control mesh nodes 

z = change in the coordinates of the FE mesh nodes 

Γ = boundary of design domain 

Φ = level set function  

Ω = domain containing the structure  

Ωd = design domain  

α1, α2 = adaptive scaling factors 

γ1, γ2 = move limits 

λ = buckling load factor 

λ1 = critical buckling load factor 

λmin = lower bound of the critical buckling load factor 

μ = inverse of the buckling load factor 

ρ = mass density 

υ = Poisson’s ratio 

Subscripts 

 

b  = structural boundary 

i  = index of the nodal coordinate of the control mesh 

j  = index of the finite element 

l  = layout of stiffeners 

pl  = index of the discrete point 

q  = index of the buckling mode 

s  = solid phase 



4 

 

to  = index of level set function representing internal topology of the stiffener 

v  = void phase 

0  = current iteration 

Superscripts 

 

k  = iteration number 

pf  = index of the node on the FE mesh 

s  = solid phase 

v  = void phase 

 

I. Introduction 

As one of the primary structural configurations in an aircraft, stiffened panels are ubiquitous and play an important 

role in aerospace structures. To improve their strength to weight ratios and make them cost-effective, they are generally 

designed for maximum strength, stiffness and buckling performance, or for minimum weight whilst maintaining 

constraints on buckling and stress.  

Since Bedair [1] investigated the effect of stiffener location on structural stability noting that the size of a stiffener 

influences its optimal location, many research works for the optimum design of stiffened panels have been conducted 

within the frameworks of size and layout optimization [2-8], to determine the best thickness distribution, orientation, 

spacing and placement of stiffeners, as well as the optimal curvature for curved stiffeners. In these frameworks, one 

notable trend is the application of gradient-free optimization techniques such as Genetic Algorithms (GAs), Particle 

Swarm Optimization (PSO), and Response Surface Approaches (RSA). Though these optimization problems can be 

effectively solved using gradient-free optimization techniques, this family of algorithms is computationally expensive 

and scales very poorly with the number of design variables. To alleviate these issues, Stanford et al. [9] developed a 

nested optimization to simultaneously handle wingbox rib and skin stiffener layout design with a mixed-integer 

surrogate infill optimizer, as well as a spatially detailed set of component sizing design variables with a gradient-based 

sizing optimizer. The optimization of the stiffener number was also considered.  

Many attempts have been made to improve the structural performance of stiffened panels; however, their design 

within the frameworks of size and layout optimization is always conducted under the assumption that the internal 

topology of each stiffener is predetermined. Unlike these size and shape optimizations, topology optimization can be 
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conducted at the concept design stage where information on structural geometry and topology are unknown. In this 

way it is able to achieve the structure with the optimal performance by adding, removing and redistributing materials. 

Since the pioneering work of Bendsøe and Kikuchi [10], different topology optimization methods, such as the solid 

isotropic material with penalization (SIMP) method [11-13], the level set method (LSM) [14-17] and the evolutionary 

approach [18, 19] have been developed. Some of these have been applied to buckling problems [20-23].  Among these 

works, two main issues are always discussed. The first is related to the spurious buckling loads or load factors being 

generated by the finite element analysis (FEA), due to low-density regions. To address this issue, different 

interpolation schemes for the stiffness and geometric stiffness matrices [20, 22, 24] have been explored for both the 

SIMP and level-set-based methods, and an approach based on the eigenvalue shift and pseudo mode identification 

[22] has been suggested. The other main issue identified is related to convergence [25] and is generally caused by 

inaccurate sensitivity information on critical buckling loads or load factors, for example due the influence of the 

variation of the stress state and the non-differentiability of the multiple eigenvalues being neglected. Switching of the 

critical buckling mode during optimization can also be a source of convergence problems. During optimization, the 

buckling mode with the lowest load factor may change. Therefore, the mode shape and gradient information relating 

to the lowest buckling mode change, resulting in a discontinuous and slow convergence. To improve the convergence, 

a simple strategy is to consider a large number of buckling modes in optimization. However, this will significantly 

increase the computational cost. As well as this, when the buckling performance is considered in the constraints, the 

number of constraints is increased. To reduce the buckling constraints, the p-norm and KS functions are used in 

Dienemann et al. [26], Stanford et al. [9], and Ferrari and Sigmund [27]. For the topological design of stiffened panels, 

Stanford et al. [28] and Townsend and Kim [24] used SIMP-based and level-set-based approaches respectively, to 

optimize the internal topology of each stiffener. However, both of these works were conducted based on predetermined 

structural thickness distributions and stiffener layouts.  

Until now, the design of stiffened panels simultaneously optimizing the layout and internal topologies of the 

stiffeners has not been investigated. The main reason for this is that one cannot expect a reliable convergence when 

applying gradient-free optimization approaches to this optimization problem due to the large number of design 

variables in topology optimization. Meanwhile, there is still no effective gradient-based optimization method to handle 

the layout optimization. 
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It is noted that, in contrast to traditional panels stiffened with straight stiffeners, Kapania et al. [3] introduced 

curvilinearly stiffened panels and showed that they have the potential to result in lighter weight designs. Continuing 

this research on curvilinearly stiffened panels, they developed a framework, EBF3PanelOpt, for their design 

optimization [6, 7, 29]. In these works however, stiffener curves are limited by pre-specified curvilinear functions, 

e.g. third order uniform rational B-spline, as well as the optimization design space.  

The level set method has attracted lots of attention, particularly in the fields of image processing, interface motion 

tracking and topology optimization [15, 30, 31]. Its ability to describe variations in topology, increases the design 

space with the potential to find the global optimum in optimization problems. 

This paper proposes a new level-set-based method to simultaneously conduct the layout and topology optimization 

of curved stiffened panels. For the layout optimization, the level set function (LSF) is used to describe and freely 

manipulate the stiffener curves. To achieve this the stiffened panel is discretized into plate elements. To avoid re-

meshing during optimization, the free-form mesh deformation method with control mesh is developed to adjust the 

finite element (FE) mesh after every update of the stiffener layout. The level set method is also used for the internal 

topology optimization of the stiffeners, with each stiffener represented by one LSF. Both the problems of mass 

minimization with buckling constraint and critical buckling load factor maximization with mass constraint are 

investigated. A semi-analytical sensitivity analysis is performed, and the gradient-based optimizer IPOPT [32] is used. 

For the buckling-constrained problem, when the p-norm function and IPOPT are used, an adaptive scaling method is 

used to ensure the control of the buckling limit. The effectiveness of the proposed method is shown through its 

applications to the two problems. 

The remainder of this paper is organized as follows. In Section 2, the geometry and FE models of curved stiffened 

panels are presented. Section 3 describes the mathematical formulations of the considered problems, sensitivity 

analysis and optimization algorithm. Some numerical examples to test the proposed method are presented in Section 

4. Conclusions are given in Section 5. 

II. Curved Stiffened Panel Model 

In this section, the geometry and FE models are described. LSFs are used to represent and optimize both the layout 

and the internal topologies of the stiffeners. As the stiffener layout changes, a free-form mesh deformation method 

with a control mesh is used to adjust the FE mesh. 
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A. Stiffener Layout 

 

Fig. 1: Sample curved stiffened panel and its control and FE meshes: (a) geometry model; (b) control and FE 

meshes. 

 

The stiffened panel is composed of the skin and stiffeners shown in Fig. 1(a). The level set method [14, 15, 17] is 

used to represent and manipulate the layout of the stiffeners, allowing curved members. Specifically, as shown in Figs. 

2(a) and 2(d), the stiffener curves are defined as the zero level set of an implicit function: 

   0        l l l lx x     (1) 

where Γl denotes the stiffener curves. Φl(xl) is the implicit function and 
,l d lx  , where 

,d l  is the design domain 

corresponding to the panel. Conventionally, the signed distance function is used for the LSF. 

To achieve the optimal layout of the stiffeners, the stiffener curves are optimized by iteratively solving the level 

set equation, Eq. (2) 
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where tf is a fictitious time and Vl is the velocity vector.  

The LSF at each point is updated by solving the following discretized Hamilton-Jacobi equation using an up-wind 

differential scheme [30], 

 1

, , , , ,

k k k

l pl l pl f l pl n l plt V       (3) 

where Vn,l is the normal velocity. pl is a discrete point in the design domain, k is the iteration number and ,

k

l pl  is 

computed for each point using the Hamilton-Jacobi weighted essentially non-oscillatory method (HJ-WENO) [33]. 
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To improve the computational efficiency, the level set update is restricted to points within a narrow band close to the 

boundary in this work. We choose Φl,pl to be a signed distance to the boundary only within this narrow band. To correct 

for this effect, Φl,pl is periodically reinitialized to a signed distance function. The fast-marching method [30] is used 

for this re-initialization and velocity extension. 

In this work, both the skin and stiffeners are modeled explicitly with 4-node Mixed Interpolation of Tensorial 

Components (MITC) plate elements with 6 DOF’s per node, comprising a Mindlin-Reissner plate element [34, 35] 

combined with the plane stress formulation. In order to avoid re-meshing after every update of the stiffener layout, 

the free-form mesh deformation method with control mesh is developed. In Fig. 1(b), the control mesh, represented 

by the blue lines and grey surfaces is generated. The intermediate elemental surfaces correspond to the stiffeners, 

which means that the coordinates in the x and y directions of nodes on the control mesh are all located on the stiffener 

curves represented by the zero level set in Eq. (1). As the LSF is updated from Fig. 2(a) to Fig. 2(d), the nodes on the 

control mesh are re-located from Fig. 2(b) to Fig. 2(e). For simplification of implementation, the y and z coordinates 

of the nodes on the control mesh are fixed and only the x coordinates are allowed to move. Using the free-form mesh 

deformation method [36], as shown in Figs. 2(c) and 2(f), the FE mesh is deformed to cater to the updated stiffener 

layout with control mesh: 

 control=FEx Nx   (4a) 

 
1 =k k

control control

 x x y   (4b) 

 
1=k k

FE FE

 x x z   (4c) 

 =z Ny   (4d) 

where xFE and xcontrol are nodal coordinates on the FE and control meshes, respectively. N is the shape function. y and 

z represent the changes in the coordinates of the control and FE mesh nodes, respectively. The deformation of the FE 

mesh can be achieved through Eqs. (4c) and (4d). 
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Fig. 2: Illustration of the curved stiffener layout represented by the LSF, with white, green, blue and black 

lines representing the zero level set, the level set mesh, the control mesh wireframe and the FE mesh 

respectively: (a) the LSF, the zero level set and the level set mesh for the initial structure; (b) the LSF, the 

zero level set and the control mesh wireframe for the initial structure; (c) the initial control mesh wireframe 

and the FE mesh; (d) the LSF, the zero level set and the level set mesh for the updated structure; (e) the LSF, 

the zero level set and the control mesh wireframe for the updated structure; (f) the updated control mesh 

wireframe and the FE mesh. 

 

B. Stiffener Internal Topology 

The level set method is also used to represent and optimize the internal topologies of the stiffeners with one LSF 

used to describe the internal topology of each stiffener. The relationship between the LSF values and the resulting 

structures are shown in Figs. 3(b)-3(d). The structural boundary is defined as the zero level set of the implicit function 

Φto(xto): 
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where Φto is the LSF representing the to-th stiffener, and N is the number of stiffeners. For the to-th stiffener, Ωto is 

the domain corresponding to the structure and Γto is the structural boundary. 
,d tox , where 

,d to  is the design domain 
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containing the structure, 
,to d to  . As in Eq. (3), the level set equation can be updated by the discretized Hamilton-

Jacobi equation using an up-wind differential scheme in order to optimize the structural boundary. 

It is noted that a level set mesh is of the same mesh size as the FE mesh corresponding to one stiffener, and that 

this is fixed during the optimization. It is easy therefore, to calculate the volume fraction field of the solid material on 

the undeformed mesh shown in Figs. 3(f)-3(h). As shown in Fig. 4(a), the structural boundary is given by the zero 

level set, and the LSF is used to perform the subdivision of each element into a subdomain filled with the solid material 

and a subdomain with the void. For the sake of simplicity, as shown in Fig. 4(b), the LSF is approximated by straight 

lines when searching for the intersection between the element boundary and the zero level set. Then the grey area in 

each element in Fig. 4(c) and the corresponding elemental volume fraction are calculated. The volume fraction fields 

shown in Figs. 3(f)-3(h) are thus obtained. 

Based on the stiffener layout given by the LSF in Fig. 3(a), the deformed FE mesh in Fig. 3(e) can be obtained by 

the method presented in Section II.A. Due to the one-to-one correspondence between the elements of the level set 

meshes and the deformed FE mesh, a direct mapping can be used and the physical density distribution w for the 

stiffeners is obtained by wj = vj. The density distribution is w = 1 for all the elements on the skin, as shown in Fig. 3(i). 

Meanwhile, the geometry of the curved stiffened panels in Fig. 3 (j) can be described through the (N + 1) LSFs, 

comprising one for the stiffener layout and N for internal topologies of N stiffeners. 

It is noted that the level set method has the potential to describe arbitrary stiffener curves. However, since the free-

form mesh deformation method with control mesh is utilized to adjust the FE mesh, overlap and intersection between 

the adjacent stiffeners are not allowed, and thus the stiffener curves are never closed in this work. The end points of 

the zero level set corresponding to each stiffener curve are placed on the opposite faces of the panel, but the end points 

of the stiffeners are free to move inside the panel due to topology optimization. 
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Fig. 3: Illustration of how to construct the geometry and FE models of a sample curved stiffened panel using 

LSFs, with white, green and black lines representing the zero level set, the level set mesh and the FE mesh 

respectively: (a) the LSF representing the stiffener curves, its zero level set and level set mesh; (b)-(d) the 

LSFs corresponding to the three stiffeners respectively, their zero level sets and level set meshes; (e) the 

deformed FE mesh; (f)-(h) the volume fraction fields, zero level sets and undeformed FE meshes 

corresponding to the three stiffeners; (i) the deformed FE mesh and corresponding physical density field; (j) 

the geometry model. 
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Fig. 4: Illustration of the computation of the volume fraction field on a undeformed FE mesh, red and blue 

lines representing the zero level set and the approximated structural boundary respectively, grey region filled 

with the solid material: (a) the structural boundary approximated by straight lines; (b) computation of the 

intersection between the element boundary and the zero level set; (c) computation of the elemental volume 

fraction. 

 

C. FE Analysis 

After obtaining the physical density field w, the stiffness and geometric stiffness matrices for the jth finite element 

can be calculated as [24], 

      , , , , 1 , , , ,s v

j j j s s FE j j v v FEK w K E t w K E t     x x   (6a) 

       , , ,, , , , 1 , , , ,s v

g j j j g j s s FE j g j v v FEK w K E t w K E t      x x   (6b) 

where s

jK  and v

jK  represent the stiffness matrices of finite element j with solid and void phases, respectively. 
,

s

g jK  and 

,

v

g jK  denote the geometric stiffness matrices of finite element j with solid and void phases, respectively. Es and ρs are 

the Young’s modulus and mass density for the solid phase, while Ev and ρv are the Young’s modulus and mass density 

for the void phase. υ and t are Poisson’s ratio and thickness, respectively. 

 

Fig.5: Illustration of the application of pressure, with black and red lines representing the FE mesh and 

stiffeners: (a) an example with the undeformed FE mesh; (b) an example with the deformed FE mesh. 
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It is noted that, when axial compression or shear loading is applied on the boundaries of curved stiffened panels 

with deformed FE meshes, uniform forces cannot be added directly to the corresponding nodes. As shown in Fig. 5, 

the force applied on the node pf is calculated as 

 
 1

2

pf pf

pf

P L L
P

 
   (7) 

where P is the pressure value per unit length. Lpf-1 and Lpf are the lengths of the elemental boundaries with the node 

pf, as shown in Fig. 5. 

In this paper, the stationary equation (Eq. (8a)) and the linear buckling equation (Eq. (8b)) are solved using the 

HSL MA57 solver [37] and ARPACK [38], respectively.  

 Ku f  (8a) 

   g K K u v 0  (8b) 

where K, u and f are the structural stiffness matrix, the stationary deflection and the applied load, respectively. Kg is 

the structural geometric stiffness matrix. λ and v represent the eigenvalue/eigenvector pair for a given buckling mode. 

III. Problem Formulation and Optimization Method 

In this section, the two problems considered in this work are described. To solve these two problems with a 

gradient-based optimizer, a semi-analytical sensitivity analysis is performed. The optimization methodology used is 

also presented here. 

A. Problem Formulation 

Both the problems of mass minimization with buckling constraint and critical buckling load factor maximization 

with mass constraint are investigated. As the minimum positive buckling load factor, the critical buckling load factor 

needs to be considered either as an objective or a constraint. The p-norm function [39] is used as a buckling aggregation 

function to approximate the inverse of the critical buckling load factor, that is 

  
1/

1

p
N

p

p q

q

M





 
  
 
   (9) 
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where 1q q  . λq is the buckling load factor for the qth mode. The first Nλ buckling modes are considered in the 

optimization. The approximated value Mp moves closer to the inverse of the actual minimum as the aggregation 

parameter p increases. 

The optimization problems are formulated as follows. 

1) Mass minimization with a buckling constraint, 
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where m is the structural mass. λmin is the lower bound of the critical buckling load factor. In this work, overlap and 

intersection between the adjacent stiffeners are not allowed, and severely distorted elements are avoided by setting 

stiffener spacing and element distortion constraints to ensure the accuracy of the FEA. L denotes stiffener spacing 

constraints, and Lmin is their lower bound. A denotes element distortion constraints, and Amin is their lower bound. NL 

and NA are the numbers of stiffener spacing and element distortion constraints, respectively. The mass m is defined by 

the mass matrix, 

 Tm  z Mz   (11) 

where the vector z contains one for deflection degrees of freedom along the gravity direction and zeros elsewhere. 

The stiffener spacing constraints L and element distortion constraints A are evaluated using the element widths and 

the interior angles of the control mesh, which can be calculated through the nodal coordinates xcontrol of the control 

mesh. 

2) Critical buckling load factor maximization with a mass constraint, 
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where mmax is the upper bound of the structural mass. 
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B. Sensitivity analysis 

In order to solve Eqs. (10) and (12) using a gradient-based optimizer, the sensitivities of the p-norm function Mp, 

the mass m, the stiffener spacing L and the element distortion A are needed. To obtain these sensitivities, semi-

analytical method is used. First, the derivative of λq with respect to changes in the nodal coordinates of the control 

mesh yi is computed using the adjoint method [40]. Eq. (8b) and Eq. (8a) are pre-multiplied by the eigenvector vq and 

the adjoint vector uad, 

   T

q q g q v K K u v 0   (13a) 

   0T

ad  u Ku f   (13b) 

Then adding them and differentiating, 

      0T T

q q g q ad   v K K u v u Ku f   (14a) 
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By collecting the terms involving ∂u/dyi in Eq. (14b) and setting them to zero, the derivative of λq with respect to 

yi can be calculated by, 
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where 
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v v u K   (16) 

In a similar way, the derivative of λq with respect to the physical density wj can be obtained by, 
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where 
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v v u K   (18) 

It is noted that ∂f/∂yi ≠ 0 in Eq. (15) because the update of y leads to the re-distribution of the force applied to the 

nodes of the FE mesh via Eq. (7). Since self-weight is ignored in this work, ∂f/∂wj = 0, and Eq. (17) can be simplified 

to,  
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It is noted that when multiple eigenvalues exist, the individual eigenvalues may not be differentiable. However, 

since multiple eigenvalues are not found in the numerical examples in Section 4, this issue is not discussed in this 

paper. 

From Eq. (9), the derivatives of Mp with respect to yi and wj can be obtained as,  
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Based on Eq. (11), the derivatives of m with respect to yi and wj can be calculated by, 
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∂f/∂yi, ∂K/∂yi, ∂Kg/∂yi and ∂M/∂yi in Eqs. (15) and (21a), as well as the derivatives dLl/dyi and dAl/dyi related to 

the spacing and element distortion constraints, can then be approximated via the central finite difference method, since 
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it is easy to implement. Because yi is the change in the nodal coordinates of the control mesh and is used to calculate 

the nodal coordinates of the finite elements via Eq. (4), finite differences are only performed on the element level. 

Additional FEAs are not needed. This ensures the efficiency of the evaluation. When using the central finite difference 

method, it is suggested that the smallest possible perturbations are chosen to ensure that the accuracy of the calculation 

can be guaranteed. In this work, the perturbation is chosen as 0.0001a0, where a0 is the initial FE element width. The 

calculated sensitivities 
ig y  in Eqs. (20a) and (21a) have been compared with  ,0 ,0( ) ( ) 2i i i i ig y y g y y y     , 

where g represents an arbitrary equation, i.e. Mp and m. The error in mass sensitivity is within 0.1%, and the errors in 

buckling sensitivities are within 1% when there is no mode switching, which shows the accuracy of the sensitivity 

calculation. 

It is noted that, in optimization, the LSFs are always maintained as signed distance functions to ensure a well-

behaved boundary. In order to convert an arbitrary LSF to a signed distance function with the same boundary locations, 

a combination of the marching squares and fast marching algorithms [31] is applied. In order to ensure the signed 

distance property =1  after every update of the LSF, the fast velocity extension algorithm [41] is utilized. In Eq. 

(2), the relationship between the changes of the LSF values ∆Φb at the boundary and ∆Φ in the rest of the design 

domain is determined, as 

 
b

b

 
   

 
 (22) 

 

Fig.6: Illustration of how to compute the term of ∂yi/∂Φl,b, with red, green and black lines representing the 

zero level set, the level set mesh and the control mesh respectively: (a) the zero level set before perturbation 

and the level set mesh; (b) the zero level set and the corresponding control mesh before perturbation; (c) the 
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zero level set after perturbation; (d) the control mesh, deformed in accordance with the change of the zero 

level set after perturbation. 

 

To update the LSF representing the stiffener layout, the derivatives with respect to yi are further mapped to the 

level set value of the boundary points Φl,b through the chain rule, 
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where g is the general function representing the p-norm function Mp, the mass m, the stiffener spacing L and the 

element distortion A. The term ∂yi/∂Φl,b is computed by perturbing the level set boundary implicitly, as shown in Fig. 

6. For a given boundary point of interest, a small perturbation ∆Φl,b is assigned to its level set value Φl,b. The change 

in the LSF ∆Φl can be obtained via Eq. (22). After implementing the marching squares and fast marching algorithms, 

as shown in Fig. 6(c), the new LSF and the corresponding zero level set are achieved. This results in a new yi. The 

control mesh is deformed, which is shown in Fig. 6(d). Then using the central finite difference method, the term 

∂yi/∂Φl,b can be approximated by, 
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where the perturbation ,l b  is chosen as 0.001bl,0, where bl,0 is the element width of the level set mesh used to 

describe the stiffener layout. 

To update the LSFs representing the stiffener internal topologies, the derivatives with respect to wj are further 

mapped to the level set values of the boundary points Φto,b through the chain rule, 
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where ∂wj/∂vj = 1 because wj = vj. In the same way as for the term ∂yi/∂Φl,b, the term of ∂vj/∂Φto,b is computed via the 

implicit perturbation of the level set boundary, which is shown in Fig. 7. A small perturbation ∆Φto,b is assigned to the 

level set value Φto,b of the given boundary point of interest. The change in the LSF ∆Φto can be obtained via Eq. (22). 

After implementing the marching squares and fast marching algorithms, as shown in Fig. 7(b), the new LSF and 
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corresponding zero level set are achieved. This results in the new volume fraction vj. Then using the central finite 

difference method, the term ∂vj/∂Φto,b can be approximated by, 
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where the perturbation 
,to b  is chosen as 0.001bto,0, where bto,0 is the element width of the level set mesh used to 

describe the stiffener internal topology. 

Using the gradient-based optimization method with the sensitivity information in Eqs. (23) and (25), ∆Φl,b and 

∆Φto,b can be obtained. Following this ∆Φl and ∆Φto can be calculated via Eq. (22) such that  + =1   . It is noted 

that, since the fast velocity extension algorithm is only first order accurate, the LSFs are re-initialized using the fast 

marching method after each update in this work.  

 

Fig.7: Illustration of the computation of the term ∂vi/∂Φto,b, with red, blue and black lines representing the 

zero level set, the approximated structural boundary and the undeformed FE mesh respectively: the 

structural boundary and material distribution (a) before perturbation; (b) after perturbation. 

 

C. Optimization Algorithm 

The IPOPT algorithm [32] is used to solve the optimization problems described in Eqs. (10) and (12) at each 

iteration to obtain ∆Φl,b and ∆Φto,b in order to update the curved stiffened panels. Linearization of the optimization 

problems using Taylor’s expansion can then be performed as follows. 

1) Mass minimization with a buckling constraint, 
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2) Critical buckling load factor maximization with a mass constraint, 
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where Mp,0, m0, Ll,0 and Ar,0 are the values at the current iteration. γ1 and γ2 are the move limits for ∆Φl,b and ∆Φto,b, 

respectively.  

The proposed method is illustrated in Fig. 8. 
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Fig. 8: Flowchart of the proposed method. 

 

IV. Numerical examples 

Two numerical examples are presented to demonstrate the application of the proposed method for the simultaneous 

layout and topology optimization of curved stiffened panels. The Young’s modulus of the solid material is Es = 73 

GPa and the Young’s modulus of the void phase is Ev = 10-6×73 GPa. The density is ρs = 2795 kg/m3 for the solid 

material and ρv = 0 for the void phase. The Poisson’s ratio is υ = 0.33. The thicknesses of both the skin and the stiffeners 

is t = 0.002 m. 

A. Example 1: mass minimization with buckling constraint 

For buckling-constrained problems, the p-norm function Mp cannot be applied directly to enforce a constraint on 

the inverse of the minimum positive buckling load factor. This is because, in Eq. (9), a finite p needs to be chosen for 
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numerical stability, which leads to the p-norm function value being greater than the inverse of the minimum. An 

adaptive scaling constraint [39, 42] similar to that for stress-constrained problems is adopted to make the p-norm 

function value closer to the inverse of the critical buckling load factor,  

 1

min

1
pM


   (29) 

where 
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1
=k

k k
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 at the kth iteration.  

When IPOPT is used to solve the problem described by Eq. (29), the buckling constraint is approximated as, 
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Using IPOPT, only the constraint in Eq. (30) is satisfied at each iteration of the optimization. However, since only 

first-order sensitivity information is used and higher-order sensitivity information is ignored, the prediction of the p-

norm function k

p approximation
M    from Eq. (30) is not sufficiently accurate and may be slightly smaller than the real one 

k

pM . This may lead to the violation of the actual buckling constraint 
1 min  . Therefore, an additional adaptive 

scaling constraint scheme is introduced and Eq. (29) is re-written as 

 1 2

min

1
pM 


  (31) 

where 
2

k

pk

k

p approximation

M

M
 

  

.  

The mass minimization problem with buckling constraint at each iteration in Eq. (27) can therefore be re-written 

as 
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A stiffened panel with the loading and boundary conditions shown in Fig. 9 is considered for optimization. The 

bottom edge of the panel is fixed, and a shear load P = 300 kN/m is applied on the top edge. The initial design, which 

comprises a 0.3 m × 0.3 m skin and 7 vertical stiffeners, each with a depth of 0.03 m is given in Fig. 10. The FE mesh 

comprises 80 × 80 plate elements for the skin, with 8 elements through the depth of each of the stiffeners. Eight LSFs 

are used, comprising one representing the stiffener curves and seven for the internal topologies of the stiffeners. The 

first 50 buckling modes are considered in the optimization. For the p-norm function, the aggregation parameter p = 12 

is used. The lower bound of the critical buckling load factor λmin = 1. 

 

Fig. 9: Loading and boundary conditions for the design of a stiffened panel under shear loading. 
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Fig. 10: Initial design with 7 vertical stiffeners, m = 0.855 kg, and its first 6 buckling modes under shear 

loading, λ1 = 1.141, λ2 = 1.459, λ3 = 1.702, λ4 = 1.903, λ5 = 2.089, λ6 = 2.155. 

 

 

Fig. 11: Optimized design considering initial design with 7 vertical stiffeners, m = 0.563 kg, and its first 6 

buckling modes under shear loading, λ1 = 1.008, λ2 = 1.077, λ3 = 1.102, λ4 = 1.122, λ5 = 1.246, λ6 = 1.256. 

 

The optimized design is shown in Fig. 11. Compared with the initial design, the mass is decreased by 34.1%. 

Despite this, the critical buckling load factor λ1 = 1.008 and the buckling constraint is satisfied. It can be observed 
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that, by using topology optimization, the number of stiffeners and the internal topology, height and width of each of 

them are optimized. From the initial design and corresponding buckling modes in Fig. 10, it can be seen that buckling 

tends to occur towards the right side of the panel under the given load case since this is the area where the greatest 

compression due to in-plane bending occurs. In order to increase the stiffness in these regions, the three stiffeners 

which remain are moved to the right hand side of structure. It can also be seen that for each stiffener in the optimized 

design, the depth of the central part of the stiffeners is greater than that at the ends, to increase out-of-plane stiffness 

in this unsupported region (ends are prevented from deflecting out of plane) and defer overall buckling modes.  

We also perform an optimization where the layout design variables are excluded. The same initial design with 7 

vertical stiffeners shown in Fig. 10 is used. The result is presented in Fig. 12. Here, the layout of the stiffeners is 

frozen, with only the number and topologies of the stiffeners optimized. The mass of the optimized design in Fig. 11 

with simultaneous layout and topology optimization is 0.563 kg, while the optimized design in Fig. 12 without the 

layout design variables is 0.594 kg, a 5.4% difference. In comparison with the optimized design in Fig. 11, more 

stiffeners with greater depth are required in the optimized design in Fig. 12. In terms of the mass of the stiffeners, 

there is a 50.9% difference between the two optimized designs. This shows the simultaneous layout and topology 

optimization allows a further significant reduction in the panel’s weight. 

 

Fig. 12: Optimized design without the layout optimization, considering initial design with 7 vertical stiffeners, 

m = 0.594 kg, and its first 6 buckling modes under shear loading, λ1 = 1.000, λ2 = 1.039, λ3 = 1.064, λ4 = 1.170, 

λ5 = 1.182, λ6 = 1.293. 
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Fig. 13: Initial design with 8 vertical stiffeners, m = 0.905 kg, and its first 6 buckling modes under shear 

loading, λ1 = 1.364, λ2 = 1.744, λ3 = 2.027, λ4 = 2.255, λ5 = 2.412, λ6 = 2.522. 

 

Fig. 14: Optimized design considering initial design with 8 vertical stiffeners, m = 0.564 kg, and its first 6 

buckling modes under shear loading, λ1 = 1.002, λ2 = 1.061, λ3 = 1.119, λ4 = 1.190, λ5 = 1.248, λ6 = 1.253. 
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Fig. 15: Initial design with 9 vertical stiffeners, m = 0.955 kg, and its first 6 buckling modes under shear 

loading, λ1 = 1.667, λ2 = 2.134, λ3 = 2.475, λ4 = 2.731, λ5 = 2.837, λ6 = 3.046. 

 

Fig. 16: Optimized design considering initial design with 9 vertical stiffeners, m = 0.565 kg, and its first 6 

buckling modes under shear loading, λ1 = 1.008, λ2 = 1.058, λ3 = 1.108, λ4 = 1.196, λ5 = 1.298, λ6 = 1.316. 
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Fig. 17: Initial design with 11 vertical stiffeners, m = 1.056 kg, and its first 6 buckling modes under shear 

loading, λ1 = 3.153, λ2 = 3.2322, λ3 = 3.2325, λ4 = 3.848, λ5 = 3.992, λ6 = 4.193. 

 

Fig. 18: Optimized design at 1500th iteration, considering initial design with 11 vertical stiffeners, m = 0.562 

kg, and its first 6 buckling modes under shear loading, λ1 = 1.006, λ2 = 1.047, λ3 = 1.099, λ4 = 1.145, λ5 = 1.163, 

λ6 = 1.216. 



29 

 

 

Fig. 19: Optimized design at 2500th iteration, considering initial design with 11 vertical stiffeners, m = 0.559 

kg, and its first 6 buckling modes under shear loading, λ1 = 1.003, λ2 = 1.085, λ3 = 1.142, λ4 = 1.163, λ5 = 1.220, 

λ6 = 1.254. 

 

To investigate the influence of the initial configurations, the optimization problem is also solved considering initial 

designs with different numbers of stiffeners. The maximum number of iterations is 1500. The initial designs are shown 

in Figs. 13, 15 and 17. The corresponding results are given in Figs. 14, 16 and 18, respectively. The differences 

between their masses are within 0.54%. It can be observed that, three stiffeners remain in the optimized designs in 

Figs. 14 and 16, while there are four stiffeners left in the optimized designs in Fig. 18. When we extend the maximum 

number of iterations to 2500 for the optimization considering the initial design with 11 vertical stiffeners, it is found 

in Fig. 19 that the extra stiffener is removed. However, the mass in only reduced by 0.53%, compared to that of the 

optimized design using 1500 iterations. Considering the computational cost, it may not be worth continuing to 

optimize the structure after 1500 iterations. It can be also observed that all the optimized designs follow the same 

trends. The remaining stiffeners are moved to the right hand side of the panel to increase the stiffness in the bottom 

right hand region of the panel. Therefore, even though initial designs with different numbers of stiffeners are selected, 

the proposed method has the potential to find promising results within the corresponding limited design space. 

B. Example 2: critical buckling load factor maximization with mass constraint 
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A stiffened panel with the same loading and boundary conditions as in Fig. 9 is considered for optimization of 

critical buckling load with mass constraint. The same initial design with 7 vertical stiffeners shown in Fig. 10 is used. 

All the FEA and optimization parameters are the same as those in Example 1. The upper bound of the stiffener mass 

is set to 17% of the initial design, i.e., the upper bound of the structural mass mmax = 0.563 kg which is that of the 

optimized design obtained from the mass minimization with a buckling constraint. 

 

Fig. 20: Optimized design considering initial design with 7 vertical stiffeners, m = 0.563 kg, and its first 6 

buckling modes under shear loading, λ1 = 1.000, λ2 = 1.060, λ3 = 1.094, λ4 = 1.119, λ5 = 1.210, λ6 = 1.242. 

 

The optimized design is shown in Fig. 20. Its mass is 0.563 kg. The mass constraint is satisfied. The stiffener 

layout is optimized, and the redundant material is removed. The comparison of the geometries of the optimized design 

in this optimization problem and the one obtained by mass minimization with a buckling constraint in Fig. 11 is given 

in Fig. 21. It can be seen that both the topology and layout of the two results are almost same. However, there are 

minor differences in the stiffener curves and stiffener heights causing the buckling load factors in Fig. 11 to be a little 

larger (within 3%) than the ones in Fig. 20. It is noted that, since both the topology optimization problems of mass 

minimization with buckling constraint and critical buckling load factor maximization with mass constraint are highly 

nonlinear, many local optima exist. Therefore, the similarity between the results in Figs. 11 and 20 demonstrates that 

the optimization methodology proposed in this paper show a reasonable level of reliability.   
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Fig. 21: Comparison of the geometries of the optimized designs in Figs. 11 (blue, m = 0.563 kg and λ1 = 1.008) 

and 20 (red, m = 0.563 kg and λ1 = 1.000). 

An optimization in which the layout design variables are excluded is also performed. The initial design with 7 

vertical stiffeners shown in Fig. 10 is used. The result is presented in Fig. 22. Compared with the optimized design in 

Fig. 20 with simultaneous layout and topology optimization, the optimized design in Fig. 22 with topology 

optimization only, has a worse buckling performance. There is a 30.9% difference in the critical buckling load factors. 

This shows the simultaneous layout and topology optimization can be effective in improving the buckling 

performance. 

 

Fig. 22: Optimized design without the layout optimization, considering initial design with 7 vertical stiffeners, 

m = 0.563 kg, and its first 6 buckling modes under shear loading, λ1 = 0.691, λ2 = 0.717, λ3 = 0.805, λ4 = 0.823, 

λ5 = 0.884, λ6 = 0.958. 
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V. Conclusion 

This paper presents a new level-set-based method for simultaneous layout and topology optimization of curved 

stiffened panels. To the best of the authors’ knowledge, this paper is the first to investigate the simultaneous layout 

and topology optimization of stiffened panels with a gradient-based approach. The construction and update of the 

geometry and finite element models using the level set method and a free-form mesh deformation method are described 

in detail. Both the problems of mass minimization with buckling constraint and critical buckling load factor 

maximization with mass constraint are studied. A sensitivity analysis is presented, and the optimization algorithm is 

outlined. The numerical results show the presented method is able to efficiently solve the two stiffened panel design 

problems. The stiffener layout is optimized, the redundant stiffeners are removed, and the material in the remaining 

stiffeners is redistributed to satisfy all the constraints. For the buckling-constrained problem, when the p-norm function 

and the gradient-based optimizer IPOPT are used, the presented method is able to satisfy the buckling constraints with 

an adaptive scaling method. 

New manufacturing techniques, such as additive manufacturing, are making it possible to fabricate complex 

designs such as the curved stiffened panels. However, to guarantee the manufacturability of these optimized designs, 

some manufacturing constraints, such as the heights and turning radii of the stiffeners, should also be taken into 

account.  
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